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We address the well-posedness of the Cauchy problem corresponding to the relativistic fluid equa-
tions, when coupled with the heat-flux constitutive relation arising within the relativistic Chapman-
Enskog procedure. The resulting system of equations is shown to be non hyperbolic, by considering
general perturbations over the whole set of equations written with respect to a generic time direc-
tion. The obtained eigenvalues are not purely imaginary and their real part grows without bound
as the wave-number increases. Unlike Eckart’s theory, this instability is not present when the time
direction is aligned with the fluid’s direction. However, since in general the fluid velocity is not
surface-forming, the instability can only be avoided in the particular case where no rotation is
present.
I. INTRODUCTION
The Chapman-Enskog (CE) method consists on a for-
mal expansion procedure for the distribution function of
any fluid theory, under the assumption that the char-
acteristic (macroscopic) length of the gradients of state
variables is large when compared to the (microscopic)
mean free path of the molecules [1–3]. This method is
considered the most successful one in order to estab-
lish, in a rigorous way, the transport coefficients of a
dilute (but still not rarefied) gas of classical mono-atomic
molecules with no internal degrees of freedom. Moreover,
it has been successfully extended to relativistic gases,
even though it has been argued that the first solution–
which corresponds to the Navier-Stokes regime– leads to
nonphysical behaviour of the corresponding fluctuations
in the linear approximation. However, recent numerical
studies point to this method as the most appropriate one
for the description of particular systems, like the ultra-
relativistic electron gas [4, 5].
One of the issues that arise when studying the sys-
tem of equations describing transport phenomena in Rel-
ativistic Hydrodynamics is their stability, as well as the
corresponding initial-value problem. In effect, a stability
analysis of Eckart theory [6] was carried out by Hiscock
and Lindblom [7]. In that work, the authors consider
linear perturbations of the equilibrium states of a rela-
tivistic fluid theory with a heat conduction law such that
the hydrodynamic four-acceleration is considered a heat
driving force, namely
qµ ∼ hµν
(∇νT
T
+ uα∇αuν
)
. (I.1)
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Their study was carried out over a flat background with
respect to L2 perturbations, where the spatial Fourier
modes were given by plane waves whose frequencies are
the roots of the corresponding dispersion relation. Their
main result is that such equation always leads to growing
modes, concluding that the solutions are unbounded with
very short characteristic growth times (τ ∼ 10−34 sec.
in normal conditions). Nevertheless, they examined the
stability in the fluid’s co-moving frame; that is, when
the time direction is aligned with the fluid’s four-velocity.
Since unstable modes were found along both transverse
and longitudinal directions, the study of the general case
was only carried out considering the Landau frame [8].
Similar stability analyses have been previously carried
out considering bulk and shear contributions for viscosity,
within the Israel-Stewart formalism [9, 10].
Unlike Eckart theory, the CE procedure predicts a rel-
ativistic heat flux which is driven by a density gradient
instead of the four-acceleration term, that is
qµ ∼ hµν
(
κ
∇νT
T
− λ∇νn
n
)
. (I.2)
Moreover, it has been recently shown that the generic in-
stability found in [7] is actually avoided when consider-
ing perturbations in the fluid’s co-moving frame [11, 12].
This result seems to suggest that CE theory may give rise
to well-behaved and generically stable transport equa-
tions.
With the aim of providing a concise proof of such a
conjecture, in this paper we analyze in detail the sta-
bility and initial-value problem of the relativistic hydro-
dynamic equations when coupled with the CE thermal
constitutive equation of the type (I.2). Since this is a
first-order relativistic fluid theory, we first study whether
or not it belongs to the particular class of first-order
divergence-type fluid theories (DTT), which were widely
studied in the literature, and the issues of hyperbolicity
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2and well-posedness can be addressed in a natural way
[13–17]. Particularly, it is well-known that first-order
DTT do not constitute a well-posed initial-value prob-
lem. Thus, if CE theory can be cast as a first-order DTT,
then it constitutes automatically an ill-posed theory. We
show, however, that CE heat conduction law cannot be
obtained from a general DTT, unless some considerations
of equilibrium configurations are set up.
We then perform a stability analysis of linear pertur-
bations around equilibrium solutions, where the decou-
pling and decay of the transverse modes as well as the
damping of the longitudinal modes are obtained in a gen-
eral fashion, without any approximation1. Although the
corresponding perturbations of the CE system of equa-
tions are found to be stable from the fluid’s co-moving
reference frame, we show that this is not the case when
considering perturbations over the whole set of equations
written with respect to a generic time-direction, as short
wavelength fluctuations may grow arbitrarily fast. This
general case turns out to be essential for the description of
rotational fluids, as the four-velocity may not be surface-
forming, being the instability generic in that sense.
In order to address the points described above, this pa-
per is organized as follows. In Section II, a brief discus-
sion about CE theory as a first-order DTT is included.
Section III is dedicated to a general treatment for the
perturbations of the transport equations considering the
CE procedure, showing that: no instabilities are present
when evolving along the fluid’s four-velocity direction,
but exponential growing fluctuations may appear when
evolving with respect to a general time-direction, con-
cluding the ill-posedness of the theory. Finally, a thor-
ough discussion of our results and final remarks are in-
cluded in Section IV.
Throughout this work, we consider the (−,+,+,+)
signature for the spacetime background metric gµν . Also,
we adopt a system of units such that c = m = kB = 1,
where c is the speed of light in vacuum, m is the rest
mass of the molecules, and kB is Boltzmann constant.
II. CHAPMAN-ENSKOG THEORY AND
FIRST-ORDER DTT
With the aim to study the hyperbolicity of the rela-
tivistic fluid equations within the CE formalism, we first
inspect the viability to write the theory as a first-order
DTT. In this class of fluid theories, the dynamical vari-
ables are the particle-density current Nµ and the energy-
momentum tensor Tµν , both satisfying local conservation
laws. In order to take into account dissipative effects, an
additional tensor field Aµνσ is introduced as an algebraic
1 In [11], the curl of the spatial components of the momentum bal-
ance equation was calculated in order to decouple the transverse
mode. Also, in [12], Mountain’s approximate method is used in
order to examine the longitudinal modes.
function of Nµ and Tµν . Such a tensor satisfies the equa-
tion
∇µAµνσ = Iνσ, (II.1)
where Iµν is a source-like term, and all constitutive re-
lations are obtained from it. There also exists a local
entropy-density current Sµ such that, as a consequence of
the dynamical equations, its divergence is non-negative.
A brief review about DTT is presented in Appendix A.
These conditions are, by nature, phenomenological,
and serve as a link to the microscopic approach, from
which particle-flux, energy, momenta and entropy-flux
can be obtained from a distribution function f ; namely,
Nµ =
∫
pµf dΩ (II.2)
Tµν =
∫
pµpνf dΩ (II.3)
Sµ =
∫
pµf ln(f) dΩ (II.4)
where the integrals are taken over the mass shell pµpµ =
−1. The constitutive tensor Aµνσ is obtained from the
third moment of f , by the following relation:
Aµνσ =
∫ (
pµpνpσ +
1
4
pµgνσ
)
f dΩ , (II.5)
where the second term which is proportional to the back-
ground metric is included in order to enforce the trace-
free condition gνσA
µνσ = 0 (see Appendix A).
An interesting consequence of all the above require-
ments is the existence of a local scalar generating func-
tion χ that depends on a new set of variables {ξ, ξµ, ξµν}
such that [15]
Nµ =
∂2χ
∂ξ∂ξµ
, Tµν =
∂2χ
∂ξµ∂ξν
, (II.6)
and
Aµνσ =
∂2χ
∂ξµ∂ξνσ
− gαβ
4
∂2χ
∂ξµ∂ξαβ
gνσ. (II.7)
The variable ξµ is associated with the fluid four-velocity
degrees of freedom, while dissipative degrees of freedom
are associated with those coming from ξµν . Moreover,
the entropy production through dissipation is found to
be σ = −Iµνξµν .
First-order DTT are obtained from generating func-
tions which are linear in ξµν . This implies that, by def-
inition, the constitutive tensor Aµνσ cannot depend on
ξµν . Thus, it must be an algebraic function of only u
µ
and the metric tensor. The most general third-rank ten-
sor field satisfying all these requirements reads
Aµνσ = Aou
µuνuσ +A1u
µgνσ + (Ao − 4A1) gµ(νuσ).
(II.8)
3Given that only local equilibrium quantities may appear
in Aµνσ for first-order theories2, and that we are inter-
ested in describing a classical relativistic ideal gas, we
consider the Ju¨ttner distribution function for local equi-
librium [2, 18, 19]
f (0) =
n
4pizK2
(
1
z
) exp(pαuα
z
)
, (II.9)
where n is the particle density, z = T/mc2 (T being the
local temperature of the gas and m the mass of each par-
ticle) and Kn stands for the n-th modified Bessel func-
tion of second kind (see [2] for definitions and properties
of Kn). From (II.8), (II.9) and following the calculations
given in Appendix A, we get
Ao = n (1 + 6zG(z)) , A1 = zG(z) + 1
4
, (II.10)
where G(z) = K3(1/z)K2(1/z) .
At this order, the most general source-like tensor field
that can be constructed as an algebraic function of the
dynamical variables reads
Iµν = Iou
µuν + I1u
(µqν) + I2I
µν
⊥ , (II.11)
where Iµν⊥ is the part of I
µν which is completely orthog-
onal to uµ, and {Io, I1, I2} are chosen in such a way that
gµνI
µν = 0 and −ξµνIµν ≥ 0. Thus, Eq. (II.1) allows to
compute the heat flux by considering the projection
qγ = − 2
I1
uσh
γ
ν∇µAµνσ, (II.12)
where hµν = δ
µ
ν + u
µuν . Now, using expressions (II.8)
and (II.10), a direct but careful calculation yields
qγ ∝ hγα
[
(zG′(z) + G(z))∇αT + zG(z)∇αn
n
]
+ (1 + 5zG(z)) u˙γ ,
where u˙γ := uα∇αuγ is the fluid’s four-acceleration at
leading order. On the other hand, conservation of energy-
momentum tensor allows to express u˙γ as
u˙γ = u˙γPF + u˙
γ
dis , (II.13)
where
u˙γPF = −
z
G (z)h
γα
(∇αT
T
+
∇αn
n
)
(II.14)
2 In the context of DTT, tensor Iµν contains all dissipative fluxes,
while the divergence of Aµνσ has information about the driving
forces. Since the latter are given in terms of the gradients of
state variables, only local equilibrium quantities may appear in
Aµνσ when considering first-order theories.
is the four-acceleration at zeroth order; i.e., the one that
corresponds to the perfect fluid solution; while
u˙γdis = −
q˙γ + θqγ + hγβ
(
qα∇αuβ +∇αpiαβ
)
nG(z) (II.15)
is the corresponding dissipative contribution, where θ =
∇αuα and piαβ = hαµhβνTµν . Finally, introducing Eqs.
(II.13), (II.14) and (II.15) into Eq. (II.13), one is led to
qγ = qγCE + δq
γ , (II.16)
where
qγCE = −zG¯(z)hγα
(
κ
λ
∇αT
T
− ∇αn
n
)
, (II.17)
δqγ = G(z) [G(z)− G¯(z)] u˙γdis , (II.18)
and the function G¯(z) is given by
G¯(z) := G(z)− 1 + 5zG(z)G(z) .
Thus, we conclude that the most general first-order
DTT does not lead to the CE heat flux constitutive re-
lation. Surprisingly however, this equation is fully re-
covered when the contribution coming from the four-
acceleration at leading order is neglected, considering just
the one coming from equilibrium configurations (for it is
δqγ = 0). This fact is quite relevant, since this is one
of the hypothesis of CE construction. Indeed, in order
to recover well-tested laws within this method (such as
Navier-Newton and Fourier laws), a key step is to substi-
tute the time derivatives of n, T and uµ by their corre-
sponding expressions obtained from the lower order solu-
tion (that is, from local equilibrium). If this step is not
carried out, one would be led to erroneous predictions, as
well as inconsistent values for the transport coefficients
when compared to experimental data [2, 4, 20, 21].
Given that the CE theory cannot be obtained from a
first-order DTT, we go further and study the stability of
the theory in order to conclude the main result of this
article.
III. STABILITY AND ILL-POSEDNESS
In this section we inspect the stability of the fluid sys-
tem of equations, together with the constitutive relation
arising from CE procedure. We first perform the calcu-
lations with respect to a frame co-moving with the fluid,
recovering the stability of the corresponding linear per-
turbations. Then, we consider perturbations considering
a general time direction, and see that the roots of the dis-
persion relation have positive real parts. We finally con-
clude the ill-posedness of the theory, as there are modes
which grow arbitrarily fast in the high-frequency limit.
4A. Perturbations in the co-moving frame
As it was pointed out before, by following the CE pro-
cedure one arrives to a heat flux constitutive equation
which is written in terms of the gradients of dynamical
variables [21], namely
qµ = −hµν
(
κ
∇νT
T
− λ∇νn
n
)
. (III.1)
The corresponding fluctuations satisfy the equation
δqµ = −hµν
(
κ
∇νδT
T
− λ∇νδn
n
)
. (III.2)
By perturbing the fluid equations around an arbitrary
equilibrium state, one is led to the following set of equa-
tions:
∇µδNµ = 0 (III.3)
∇µδTµν = 0 (III.4)
where
δTµν = δ(nε)uµuν + 2(nε+ p)u(µδuν)
+ δphµν + 2u(µδqν) (III.5)
and
δNµ = (δn)uµ + nδuµ, (III.6)
together with Eq. (III.2). For a classical relativistic ideal
gas, the thermodynamic relations p = nT and
ε = m
(
3z +
K1(1/z)
K2(1/z)
)
,
hold, leading to the equation
nε+ p = nmG(z). (III.7)
Introducing the heat capacity
cn :=
(
∂ε
∂T
)
n
, (III.8)
the perturbed energy-momentum tensor now reads
δTµν = (ncnδT + εδn)u
µuν + 2nmG(z)u(µδuν)
+ (nδT + Tδn)hµν + 2u(µδqν). (III.9)
Thus, the set of dynamical equations for the perturba-
tions can be written as
MAB δY
B = 0, (III.10)
with
MAB =

0 s ink 0
ncns 0 nTik ik
nik T ik nG(z)s s
ikκ
T − ikλn 0 1
 (III.11)
and
δY B = {δT, δn, δux, δqx} . (III.12)
By assuming plane-wave solutions
δQ = δQ0 exp (ikx+ st) , (III.13)
we straightforwardly obtain
δq1 = −ik
(
κ
T
δT − λ
n
δn
)
,
δq2 = δq3 = 0.
Plugging these expressions into Eq. (III.5), we get the
conditions
δu2 = δu3 = 0. (III.14)
The dispersion relation is det(MAB) = 0, or equivalently,
s3 + λk2b1s
2 + k2b2s+ λk
4b3 = 0 , (III.15)
with
b1 =
1
nG(z)
[
1
cn
κ
λ
(G(z)
z
− 1
)
+ 1
]
,
b2 =
z
G(z)
(
1 +
1
cn
)
,
b3 =
1
nG(z)cn
(
1 +
κ
λ
)
.
Now, from Boltzmann’s equation one can obtain the iden-
tity
κ
λ
=
G (z)
z
− 1, (III.16)
which directly implies
b1 =
1
nG(z)
[
cn
(G(z)
z
− 1
)2
+ 1
]
,
b3 =
1
nzcn
.
Since all coefficients bn are positive, the Routh-Hurwitz
criterion [22] requires only one additional condition for
stability, namely b1b2 > b3. In this case, we directly
obtain
b1b2
b3
=
(
z
G(z)
)2
(1 + cn)
(
1 + cnΘ
2
)
, (III.17)
where
Θ =
1
cn
(G(z)
z
− 1
)
.
Using the equilibrium properties satisfied by a classic rel-
ativistic gas [2]
G (z)
z
> 4,
1
3
<
1
cn
<
2
3
(III.18)
the last stability condition follows, and all the roots of
the dispersion relation have negative real parts, showing
that the CE constitutive equation in the co-moving frame
does not lead to generic instabilities. We shall see in the
next subsection that this is not the case when considering
general time directions for the evolution.
5B. Perturbations in an arbitrary frame
The procedure carried out above is not general enough
for establishing the well-posedness of the Cauchy prob-
lem, since the fluid’s motion may include rotation, in
which case one cannot build, even locally, space-like hy-
persurfaces orthogonal to uµ. In order to address the
general case, one considers a Fourier-Laplace transform
in a more general frame, with a wave-like Ansatz for per-
turbations
δQ = δQ0 exp (iKx¯+ St¯),
where the corresponding Lorentz transformation to the
new coordinates reads
k = γ (K + ivS) , s = γ (S − ivK) . (III.19)
Introducing Eq. (III.19) into Eq. (III.15) we now get a
quartic complex polynomial, which can be written as
4∑
j=0
(iS)
j
K3−j (Kτγµ(z)αj + iβj) = 0, (III.20)
where i is the imaginary unit and αj and βj are given by
α0 = −n
(
b3 − b1v2
)
,
α1 = −n
(
4b3 − 2b1
(
1 + v2
))
v,
α2 = n
[
b1
(
1 + v2
)2
+ 2v2 (b1 − 3b3)
]
,
α3 = −n
(
4b3v
2 − 2b1
(
1 + v2
))
v,
α4 = −n
(
b3v
2 − b1
)
v2,
β0 =
(
v2 − b2
)
v,
β1 = 3v
2 − b2
(
1 + 2v2
)
,
β2 =
(
3− b2
(
2 + v2
))
v,
β3 =
(
1− b2v2
)
,
β4 = 0.
The coefficient λ has been expressed in terms of a char-
acteristic microscopic time τ as λ = −nτµ(z), and the
function µ(z) includes all the temperature dependence
of this transport coefficient (for further references, see
[2, 21]).
By defining the parameter ζ = τ/L (where L is the
characteristic scale of the system), as well as the dimen-
sionless variables Kˆ := LK and Sˆ := τS, it is possible to
rewrite Eq. (30) as
4∑
j=0
(
iSˆ
)j
Kˆ4−j
(
Kˆζγµ(z)αj + iβj
)
= 0. (III.21)
The above equation can be easily analyzed by consid-
ering the case K = 0; i.e., homogeneous fluctuations. In
such case, one obtains
S3
[
λγv2
(
b3v
2 − b1)S + 1− b2v2] = 0, (III.22)
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FIG. 1. Solutions of the dispersion relation (III.21) with pos-
itive real part, for ζ = v = z = 0.1.
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4
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FIG. 2. Solutions of the dispersion relation (III.21) with pos-
itive real part, for ζ = v = 0.5 and z = 0.7.
which admits the real solution
S = −nzcn
γλv2
 G(z)z − v2
(
1 + 1cn
)
v2G(z)
z − cn −
(
G(z)
z − 1
)2
 . (III.23)
It is straightforward to show that this solution is positive,
as the term in parenthesis can be shown to be negative
by using the properties given in Eq. (III.18), together
with v < 1.
For inhomogeneous fluctuations (K 6= 0), Eq. (III.21)
can be solved numerically for given ζ, v and z. Figures
1 and 2 show the positive real part of the roots of the
dispersion relation as a function of K for some values of
the corresponding parameters.
The implication of this analysis is that, when studying
the relativistic fluid equations with respect to an arbi-
trary time-direction (different from the co-moving one),
Chapman-Enskog closure relation leads to exponentially
growing solutions and thus, the system of equations turns
out to be unstable.
1. Ill-posedness
As was previously introduced, the dimensionless pa-
rameter ζ is the ratio between microscopic and macro-
6scopic scales. Since the characteristic wavelength of fluc-
tuations is required to be large enough for collisions to
take place, it must be ζ  1. Then, when considering
growing wave numbers Kˆ, the product Kˆζ should still be
bounded. Taking this into account, one may look at the
behaviour of those solutions Sˆ(Kˆ) of Eq. (III.21) which
are of the form Sˆ = S0 + S1Kˆ + S2Kˆ
2, focusing only on
higher order terms (with fixed Kˆζ). Within this picture,
it is straightforward to see that, as long as α4 6= 0, one
has S2 = 0. This implies that the solutions grow linearly
with Kˆ, i.e., Sˆ ∼ Kˆ, with  satisfying
4∑
j=0
(i)
j
(
Kˆζγµ(z)αj + iβj
)
= 0. (III.24)
Thus, we conclude that the system is not only unstable
but also ill-posed, since in the high-frequency limit (Kˆ →
∞), there are solutions that grow arbitrarily fast.
IV. DISCUSSION AND FINAL REMARKS
In this article we studied the initial-value problem of
the transport equations for a relativistic dilute gas when
closed with the heat-flux constitutive equation arising
from the CE formalism. Since our results are negative
even in this simpler case, we have not pursued the com-
plete case where other kinds of dissipative contributions
(shear and bulk) may also be taken into account.
In order to explore the nature of the relativistic Navier-
Stokes-Fourier system when the heat law is written in
terms of gradients (unlike the acceleration dependence
proposed by Eckart), we examined the possibility of fit-
ting such a theory as a DTT. The purpose of such analysis
lies on the fact that first order DTT have been formally
shown to be ill-posed, providing thus a overwhelming ar-
gument to rule out its hyperbolicity in a direct and clean
way. In this direction, we could check that the CE con-
stitutive equation can not be obtained from Eq. (A.3)
in a general way, concluding that the whole system of
equations do not belong to the DTT class. However, it
is worth remarking that, by providing the Euler equa-
tions in order to eliminate the acceleration term in favor
of space gradients of density and temperature, such an
equation can be obtained. Although this substitution
is consistent with Hilbert’s method for the solution of
the integral-differential Boltzmann equation within the
CE procedure, it is inconsistent in the full framework of
DTT. As a discussion, if one would like to justify such
a substitution procedure, one would need to find some
relation between the Knudsen parameter in the kinetic
approach and the corresponding dissipative expansion
within the DTT formalism. This is an open problem
which is of interest and a possible direction for future
work. If such justification is found to be valid, one could
conclude that CE constitutive equation leads to unsta-
ble behavior at first order. In any case, it is well known
that this system of equations can be made hyperbolic by
adding higher order terms in dissipation, thus making it
physically sound.
The main result of this article was to show the insta-
bility of the transport equations within the CE theory
with a general time-direction for the evolution. By ap-
plying an analytic criterion, we could see that this sys-
tem is stable only when considering perturbations within
the fluid’s co-moving frame, meaning that the instability
in this scheme resides not necessarily in the equations
per-se, but in the flux-force relation introduced for the
heat-flux. However, this result is not completely general,
since the equilibrium state is assumed to be such that
the hydrodynamic velocity is surface-forming. That is,
since the 3 + 1-decomposition is based on uν , the tem-
poral direction is fixed by it and in order for that to be
the case, no rotations should be present. In order to
address the stability within the CE formalism in a gen-
eral scenario, an arbitrary boosted frame -with respect to
the co-moving one- was considered. In this case, a posi-
tive real root was found for the corresponding dispersion
relation, thus leading to exponentially growing modes.
These results imply that in this general case, the system
is unstable. Furthermore, the system was shown to be
ill-posed, as in the high-frequency limit there are modes
that grow arbitrarily fast. The underlying mathematical
mechanism for the inhibition of instabilities in this par-
ticular case can be traced down to the first-order system,
being parabolic in nature with either real or imaginary
frequencies. A detailed analysis of this problem is pre-
sented in the pre-print [23]. Even though form a physical
standpoint one would expect a hyperbolic system, the
parabolic-damped one generated by using the CE proce-
dure is still physically acceptable and could explain the
success of such theory in numerical simulations [4, 5].
Appendix A
In this appendix we give a brief review about
divergence-type fluid theories, and then we compute the
most general constitutive tensor for first-order DTT, con-
sidering the Ju¨ttner distribution function. Finally, we
get an expression of the heat-flux constitutive relation
predicted from this formalism by taking the appropriate
projection for the divergence of the constitutive tensor.
1. Brief detour on DTT
Roughly speaking, a set of dynamic equations is con-
sidered a divergence- type theory (DTT) if it can be writ-
ten as a set of equations on the divergence of the corre-
sponding dynamical variables. Any fluid theory which
is governed by a set of conservation laws (particle num-
ber density, energy and momentum densities, etc) con-
stitutes, indeed, a divergence-type theory. However, con-
stitutive equations, which play a major role in the as-
sessment of causality and hyperbolicity through Geroch’s
7criterion need to be also expressed in divergence form. In
other words, an additional tensor containing the thermo-
dynamic forces is needed, and the equation for its di-
vergence should lead to the corresponding constitutive
equations.
Formally speaking, divergence-type fluid theories are
the type of theories which satisfy the following three con-
ditions:
(i) The dynamical variables are given by the energy-
momentum tensor Tµν of the fluid and the particle
number current, Nµ;
(ii) The dynamical equations are given by
∇µNµ = 0 (A.1)
∇µTµν = 0 (A.2)
∇µAµνσ = Iνσ (A.3)
Here, both the constitutive tensor Aµνσ and the
source tensor Iνσ are algebraic functions of the dy-
namical variables Nµ and Tµν , and Iνσ is symmet-
ric and traceless.
(iii) There exists a four-current Sα, which is also a local
algebraic function of Tµν and Nµ that satisfies, as
a consequence of the dynamical equations,
∇αSα = σ,
with σ ≥ 0 an algebraic function of Tµν and Nµ
and σ = 0 if and only if Iνσ ≡ 0.
In order to close the system and to have the same quan-
tity of variables and equations, condition gµνA
αµν = 0
is required. Conditions (ii) and (iii) imply the existence
of a generating function χ(ξ, ξµ, ξµν) which contains all
the information of the theory. In particular, particle flux
and energy-momentum tensor can be obtained by taking
derivatives of χ with respect to the corresponding vari-
ables, as it is shown in Eqs. (II.6) and (II.7). The study
of hyperbolicity properties of the theory in terms of this
new formulation is much more direct. In fact, by intro-
ducing a collective abstract variable ξA := (ξ, ξµ, ξµν),
Eqs. (A.1), (A.2) and (A.3) can be set into the form
KµAB∇µξB = JA, (A.4)
where
KµAB := ∂
3χ
∂ξµ∂ξA∂ξB
(A.5)
is the principal symbol of (A.4) (which by construction is
symmetric in the capital indices) and JA := (0, 0, Iµν).
Then, following Geroch’s formalism [17], we say that the
system is symmetric-hyperbolic is there exists a time-
like vector field ta such that the symmetric form hAB =
taKaAB is a norm; that is, it is positive-definite.
2. Details of calculations of Section II
We now compute the most general constitutive tensor
field that can be constructed from first-order divergence-
type fluid theories, using a Ju¨ttner distribution function
in local equilibrium, f (0). As was pointed out in Section
II, such a constitutive tensor is made up by means of the
third moment of f (0).
From the macroscopic point of view, the constitutive
tensor field must be an algebraic function of the dynam-
ical variables Nµ and Tµν . On the other hand, since we
are considering first-order theories and Aµαβ includes, by
definition, first derivatives with respect to the dissipative
tensor, we conclude that it must be of zeroth-order (for
that reason we are considering just the Ju¨ttner distribu-
tion function). Up to this order, both Nµ and Tµν are
made up in terms of the fluid four-velocity uµ and the
background metric gµν . It is rather straightforward to
see that the most general tensor field that satisfies these
requirements, and has the symmetries imposed by the
theory, is the one given in Eq. (II.8). In fact, recalling
that the possible pµ are those restricted to the mass-shell
pµpµ = −1 (where the mass of each fluid component is
normalized to m = 1), we get
Ao = −2
3
Aµαβ (2uµuα + hµα)uβ
= 2
∫
f (0) (−uαpα)
[
(−uαpα)2 − 1
2
]
dΩ. (A.6)
By the change of variables
ε = −uαpα,
we get
f (0) =
n
4pizK2 (1/z)
e−ε/z,
and dΩ =
√
ε2 − 1 dε dS2, where dS2 is the area element
in the unit sphere of momentum directions. Thus, inte-
gral (A.6) reduces to
Ao =
2n
zK2 (1/z)
∫ ∞
1
e−ε/zε
(
ε2 − 1
2
)√
ε2 − 1 dε
=
2n
zK2 (1/z)
(
1
2
I1(z) + I2(z)
)
,
where, for ` ∈ N,
I`(z) :=
∫ ∞
1
e−ε/zε
(
ε2 − 1)`−1/2 dε. (A.7)
The integral in Eq. (A.7) can be easily computed by
means of some properties of modified Bessel functions, as
shown in the following
Proposition A.1 Let K` be the `-th modified Bessel
function. Then, the following identities hold for any
` ∈ N:
8(i)
∫ ∞
1
e−ε/zε
(
ε2 − 1)`−1/2 dε = Γ (`+ 12)
Γ
(
1
2
) (2z)`K`+1(1
z
)
.
(A.8)
(ii)
dK`(x)
dx
=
`K`(x)
x
−K`+1(x). (A.9)
Proof. Identity (ii) is a direct consequence of the
derivative formula
d
dx
[
K`(x)
x`
]
= −K`+1(x)
x`
.
Identity (i) is also consequence of the above formula and
the following important one:
K`(x) =
(x
2
)` Γ(1/2)
Γ(`+ 1/2)
∫ ∞
1
e−xy
(
y2 − 1)`−1/2 dy.

By applying the proposition above we get, then, I1 =
zK2(1/z), I2 = 3z2K3(1/z) and
Ao = n (1 + 6zG(z)) .
Analogously, for A1 we get
A1 = −1
3
Aµαβuµuαuβ
=
n
3zK2(1/z)
∫ ∞
1
e−ε/zε
(
ε2 − 1
4
)√
ε2 − 1 dε
=
n
3zK2 (1/z)
(
3
4
I1(z) + I2(z)
)
= n
(
zG(z) + 1
4
)
. (A.10)
Now, in order to obtain the Chapman-Enskog consti-
tutive relation, we proceed to project the constitutive
tensor in the space perpendicular to uµ. In order to do
so, we find it useful to express the constitutive tensor as
a sum of three contributions, namely
Aµαβ = Aµαβ1 +A
µαβ
2 +A
µαβ
3 , (A.11)
where
Aµαβ1 = Aou
µuαuβ
Aµαβ2 = A1u
µgαβ
Aµαβ3 = (Ao − 4A1)gµ(αuβ)
Then,
hα
γ∇µAµαβ1 = hαγ
[
uαuβA˙o +Ao∇µ
(
uµuαuβ
)]
= Aou
β u˙γ , (A.12)
yielding
uβhα
γ∇µAµαβ1 = −Aou˙γ .
By similar calculations, we get
hα
γ∇µAµαβ2 =
(
A˙1 +A1∇µuµ
)
hγβ ,
which implies uβhα
γ∇µAµαβ2 = 0. Finally, defining
A3 :=
Ao
2
− 2A1,
we have
uβhα
γ∇µAµαβ3 = 2uβhαγ
[
gµ(αuβ)∇µA3 +A3∇(αuβ)
]
= −hγµ (∇µA3) +A3u˙γ
Plugging all together, we get
qγ ∝ uβhγα∇µAµαβ
∝ hγµ
(
∇µA3 +A3∇µn
n
)
+
(
Ao
2
+ 2A1
)
u˙γ
= zhγµ
(
(zG(z))′ ∇µT
T
+ G(z)∇µn
n
)
+ (1 + 5zG(z)) u˙γ (A.13)
Then, we use the local expression (II.13) for the acceler-
ation at the leading order, and the following formula for
the derivative of G(z):
G′(z) = − 1
z2
[G2(z)− 5zG(z)− 1] , (A.14)
which implies that
(zG(z))′ = G(z)
[
1− G¯(z)
z
]
, (A.15)
where
G¯(z) := G(z)− 1 + 5zG(z)G(z) .
Finally, recalling the contribution to the heat flux δqγ
given in Eq. (II.18) by taking into account first-order
corrections in the four-acceleration, we get
9qγ ∝ hγµG(z)
[(
1− G¯(z)
z
) ∇µT
T
+
∇µn
n
]
− 1 + 5zG(z)G(z) h
γµ
(∇µT
T
+
∇µn
n
)
+ δqγ
= hγµG(z)
[(
1− G¯(z)
z
) ∇µT
T
+
∇µn
n
]
+ hγµ
[G¯(z)− G(z)](∇µT
T
+
∇µn
n
)
+ δqγ
= hγµG¯(z)
[(
1− G(z)
z
) ∇µT
T
+
∇µn
n
]
+ δqγ
= −hγµG¯(z)
(
κ
λ
∇µT
T
− ∇µn
n
)
+ δqγ . (A.16)
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